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A Simplified Method of Estimating the Response of Light
Aircraft to Continuous Atmospheric Turbulence

E. L. PEELE* AND ROY STEINER!
NASA Langley Research Center, Hampton, Va.

Power spectral density techniques employed in the design of large flexible civil aircraft for at-
mospheric turbulence are rather complex. For the small rigid aircraft, this degree of com-
plexity may be unwarranted. Consequently, a procedure for determining the gust response
based on two rigid-body degrees of freedom was investigated. Using certain simplifying as-
sumptions, formulas are derived and presented for calculating the vertical and lateral gust re-
sponse to independently applied vertical and lateral gusts. The formulas utilize parametric
charts of "response integrals" that are functions of the aircraft reduced frequency, the
damping ratio, and a gust scale parameter. The response quantities for a given set of aircraft
parameters can be obtained by substituting into appropriate formulas values of two response
integrals read from the charts. Sample numerical calculations are included which illus-
trate the use of the simplified procedure.

Nomenclature
Ay — airplane response parameter relating rms input

and yth output values
a = unsteady lift force attenuation factor
b = wing span
Ci,C2, etc. = tail load response parameters defined in text
c = streamwise chord of lifting surface
CLa,Cma, etc. = aerodynamic stability derivatives
e = exponential function
g = acceleration due to gravity
H(u) = frequency response function
In = mass moment of inertia about ith axis
i = (-1)1/2

Kg,K$> = gust alleviation factors
k = reduced frequency, C&/2U
L = scale of turbulence
Mw,Mw,Mg = moment coefficients about y axis
m = mass of airplane
JVoj/ = average number of positive slope zero crossings of

?/, the response quantity
Nv,Nr,Nw = moment coefficients about z axis
q = dynamic pressure, q = JpC/2

q = pitch velocity
Rpu) = jth "response integral, "j = 0,2,4,6
r = yaw velocity
S = area of aerodynamic surface
sko = non dimensional gust scale, sk0 = Lco0/U
U = average velocity along x axis
v = perturbation velocity along y stability axis
w = perturbation velocity along z stability axis
W = airplane weight
x,y,z = Cartesian coordinates
F,Z = force coefficients along y,z axes
a. = plunge angle « w/U
j3 = sideslip angle « v/U when subscript
£ = frequency ratio = co/coo
7 = damping factor
An = incremental vertical load factor
£• = damping ratio
6 = pitch angle
p = air density
<TJ = rms value of jth quantity
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= power spectrum
= unsteady lift function, vertical gusts
= unsteady lift function, lateral gusts
= yaw angle
= spatial frequency, «/t7
= circular frequency
= undamped natural frequency

Introduction

THE analytical study of the response of flight vehicles to
atmospheric turbulence has, in the past 10 years, been

progressing from the use of the discrete gust velocity method1

toward the use of spectral density techniques. Following the
many research investigations on the applications of spectral
techniques to turbulence problems, an extensive investigation
was made for the development of a power spectral gust design
procedure for civil aircraft.2-3 Although such a procedure
may be simple in concept, many of the details may be rather
involved and more complicated than warranted for some struc-
tures. It is felt, therefore, that a simplified procedure, fol-
lowing the methods given,4 could be established for estimating
the response of small rigid aircraft to continuous turbulence.

Certain simplifying assumptions were made which permit-
ted the airplane response to gust forces to be based on two
rigid-body degrees of freedom. An analysis of this system
indicates that the airplane response could be defined as func-
tions of a gust wave number, the airplane damping ratio, and
the undamped natural reduced frequency. Moreover, the
study revealed that the response equations for both vertical
and lateral motion contain the same sets of integrals. The
evaluation of these integrals referred to as "response inte-
grals" constitutes the major computational effort involved in
the spectral density analysis. Consequently, the response in-
tegrals were evaluated over a limited range of the nondimen-
sional parameters believed to correspond to those for most
small rigid aircraft, say of the executive type. The purpose
of this paper is to present a concise method of estimating the
response of a rigid airplane to continuous turbulence based on
the use of charts of ' 'response integrals.'' In the following dis-
cussion, the pertinent response quantities are reviewed and the
normal load factor and vertical tail side load equations formu-
lated. The use of the parametric charts to perform response
calculations is illustrated for a representative executive air-
craft.
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Derivation of PSD Gust Response Formulas

The procedures for determining the airplane response to at-
mospheric turbulence, as presented,5 involve the use of two
quantities, A and NQ. In both Ref. 5 and this paper, at-
mospheric turbulence is considered to be a stationary Gaus-
sian random process. A is defined as the ratio of the rms
value of a particular output response quantity to rms input
gust velocity obtained by summing the output power spectral
density function over all frequencies.

11/2 (1)
In the previous expression, <&y is the power spectral density
(PSD) of the particular response quantity y, which is found
from an input-output equation:

<£y = <£ff(co)|///(co)|2 (2)

Equation (2) states that the power spectrum of the response
of a linear system is given by the product of the input power
spectrum $0(co) and the system frequency response function
#/(co). The second response quantity No is referred to as a
characteristic frequency. For narrow band processes, it is re-
lated to the resonant frequency and is the average number of
times per second that the response crosses zero with a positive
slope. NQ is given by the following:

1
2arav

(3)

The computation of A and No can be very complex. The
degree of this complexity depends both on the form of the in-
put spectrum as well as the airplane frequency response func-
tions. For example, the analysis of a large flexible aircraft
might require a two-dimensional gust representation, the in-
clusion of numerous elastic modes, consideration of combined
stresses, and so forth. However, the response of certain
classes of aircraft may be estimated to an acceptable degree
without including the above requirements. The classes of air-
craft considered here are limited to those for which the follow-
ing assumptions are valid: 1) The turbulence scale is large
compared to the airplane size. 2) The turbulence is homo-
geneous and isotropic; that is, the same power spectra are
used for both vertical and lateral gusts. 3) The unsteady lift
function can be approximated with a single attenuation func-
tion applicable to wide ranges of sweep angle, aspect ratio, and
Mach number and are applicable to both lift and moment. 4)
The control surfaces are fixed. 5) The aircraft does not roll
when responding to lateral gusts and the Dutch roll mode can
be treated as if it were a flat yawing maneuver. 6) The effects
of elastic deformation are negligible.

Input Power Spectrum

For this analysis, the power spectrum of the gust input
<l>0(co) employed is that shown in Ref. 5 to best represent the
vertical and lateral atmosphere turbulence and is generally
referred to as the Von Karman spectrum.

Frequency Response Functions

The frequency response functions required by the input-out-
put relation, Eq. (2), are obtained by solving the equations of
motion of the airplane for independently applied gust forces
resulting from unit sinusoidal vertical and lateral gust
velocities. The approach is illustrated in the derivation of re-
sponse functions for the normal load factor and vertical
tail side load. The equations of motion,6 are based on the
assumptions commonly made in stability analyses of rigid air-

planes. In stability analyses, the airplane's motion is de-
scribed by six coordinates, three translations, and three rota-
tions referenced to the so-called stability axes. If a plane of
symmetry is assumed to exist, the terms coupling longitudinal
and lateral motion can be neglected and for linearized equa-
tions, the six-degree-of-freedom system is separated into two
groups, the longitudinal and the lateral. Consequently, each
system can now be analyzed separately.

Nor ma I - load fac tor

The three degrees of freedom comprising the aircraft longi-
tudinal motion are vertical translation (plunge), pitch rota-
tion, and horizontal translation in the direction of flight.
Perturbations in horizontal translation have been shown to
have little effect on pitching or plunging. The longitudinal
case is representable, therefore, as a two-degree-of-freedom
system. The equations of motion as given in Ref. 6 are

MW' (5)
r^-zm -
|_— icoM^ — Mw — co2 — icoMqj ( 6

where

Zw = -(qS/mU)CLa,Mw = (qSc/IyyU)Cma

Ma = (qSc*/2IyyU*)Cma, Mq = (qSc*/2IyyU)Crr,

In Eq. (5), $(co) represents the manner in which the aerody-
namic forces and moments vary with the frequency of the gust
input velocity. A discussion of a suitable choice of <£(co), the
unsteady lift function, will be given subsequently.

The frequency response functions are obtained by solving
Eq. (5) for w~Q for a unit sinusoidal gust velocity wg as
follows:

[-co2 - i
Mw

iuU^\Zw
f | ( .

ico - ZW\\MW'\ VW
ico [-co2 - iu(Mq + Zu + UMt) + (ZwMq - UMW)}

The frequency response functions are then

Hw
w<> (co) =
____ [( - co2 - iuM^Zj -f

(6)

ico[- co2 -i (ZwMq-UMw)}

MW)ZW' + (ico - ZW)MW']
Zw+ (ZwMq - UMW)]

(7)

(8)

These equations can be simplified and put into another form
if it is assumed that the quasi-steady aerodynamic forces re-
sulting from airplane motion equal those of the gust input, that
is, if Zw = Zw' and Mw = Mw

f, and the following notation is
employed:

ft = CO/COoa, 2fa,C00« = -(Mq + Zw +

coo* = (ZwMq - UMW)112, ya = (Mq + Zw +

Equations (7) and (8) are now

- (1/7)] -

(9)

(10)

(ii)
A response parameter of major interest is the incremental

normal load factor z/g. Since the stability axes are rotating,
the absolute acceleration is given by — w + U6. The fre-
quency response of z will be the sum of the frequency response
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f2f [1 - (1/7) I/? i
————

Two -degree -of -freedom lateral motion

In order to simplify the estimate of the lateral response, it is
desirable to reduce the normally considered three-degree sys-
tem to a two-degree system. Previous work7"10 indicated
that this simplification is possible. It was assumed, therefore
(based on the references) that 1) airplane does not roll; 2) lat-
eral response is due to side gust only; and 3) side force due to
yawing velocity is negligible.

Since the airplane types of parameters considered in the
references may not have included the airplane type considered
here, an additional verification was made of the applicability
of these assumptions. This investigation included calcula-
tions for the three-degree-of-freedom model, the two degrees
of freedom, and the two degrees of freedom with yaw side
force omitted. An indication of the generality of the assump-
tions for the range of parameters considered here were ob-
tained by varying the ratios of inertial and aerodynamic yaw-
roll coupling terms. On the basis of this study, the lateral
response equations are derived for the two degrees of freedom,
yaw, and sideslip. In matrix form, the equations of motion
are

- y.

where

fU8

-N,'

pUSbC N - pUSb* C~ ""' r ~ Ln

In Eq. (13), the function ^(co) represents an approximation
for the unsteady lift force and moment variation with the fre-
quency of the lateral gust velocity vg (co) . It is assumed, hence
forth, that |*(«) |2 = |4>(o>)|2.

Solutions for the variables y(co) and i^(co) are obtained from
Eq. (13) by assuming a unit gust velocity z^(co). Notice that
the longitudinal and the lateral response are described by equa-
tions of the same form.

Total side load on vertical tail

The total side load acting on the vertical tail is defined as the
lateral shear that would be measured by strain gages mounted
at the base of the vertical tail. This load is the summation
of the aerodynamic forces resulting from both the motion of
the airplane and the gust input and the inertia load resulting
from the acceleration response of the aircraft.

Since the purpose of this paper is to develop techniques that
will enable relatively simple determinations of airplane re-
sponse, the inclusion of contributory factors having negligible
effect on the response was deemed undesirable. A study was
therefore made to determine the relative contribution of the
inertial loading to total load using several representative con-
figurations.

On the basis of the study, it was concluded that the inertial
effects are negligible. Therefore, a vertical tail side load
equation is derived with the inertia terms omitted. The side
load equation is

The frequency response function for the tail load is obtained
by substituting into Eq. (14) values for v(co) and ^(o>) from
Eq. (13). The function when expressed in terms of the non-
dimensional frequency ratio /?, the critical damping ratio f ,

and the damping factor 7 is

+

where

C2 = - 2$> (l - — X

= - (Nr + Yv)

, 7/3 = (Nr + YV)/YV

Response Factor

The frequency response functions, Eqs. (12) and (15), to-
gether with the input gust spectrum Eq. (4) are substituted
into Eq. (1) to obtain response factors A. For example, for
the normal load factor,

/; X

(1.339s/c0/3)2

[(1 _ 02)2 + 4f202][l + (1.339 s/co/3)2]11'6 (16)

In the previous equation, the input power spectra [Eq. (4) ] has
been written in terms of the frequency ratio ($, the reduced
frequency &0 = cwo/217, and the relative gust scale parameter
s = 2L/c. In addition, the magnitude of the unsteady lift
function, |<£(co)|2 has been approximated by a simple expo-
nential function written in terms of the reduced frequency
k = cu/2U,

This form was suggested following a numerical analysis of var-
ious planforms and Mach numbers, using the kernel function
procedure.11 It might be noted that the inclusion of the ef-
fects of compressibility and finite span on the unsteady lift
function was recommended in Ref . 10. In the previous form,
these effects are characterized by the parameter a which is
determined numerically for a given configuration by fitting
Eq. (17) to the calculated values of |^(fc) |2.

Values of the response factor An can now be calculated for
given values of the aircraft characteristics a, kQ, f , 7, and the
relative gust scale parameter s by evaluating the infinite inte-
gral. It was found convenient to separate Eq. (16) into two
integrals,

A 2 _
n ~

sfco
7T

[(1 - (1.339 <20 +

77 TT o

+ I (1.339
[(1 - (1.339

f]Q

Notice that the integrals are now reduced to functions of three
variables, ako, sko, and f. These integrals, referred to as "re-
sponse integrals/' are in general form:

~ V Jo X

[(1 - £2)2 + 4f2/?2][l + (1.339 , (j) = 0,2,4,6

(19)
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Fig. 1 Response integral, Rp*.

Parametric charts have been prepared for these integrals and
will be discussed in the next section. But first let us return to
the response equations. Equation (1) can be written for the
normal load factor in terms of response integrals as follows:

- (1/7) 12 (20)

An expression for No can be similarly derived from Eq. (3) as
follows:

(21)

Similar expressions may be derived for the vertical tail side
load:

{ [qS(Cyp)VT}/U} [Rp* (22)

(23)

It should be noted that the response integral formulation for
pitch angle, horizontal tail load, lateral load factor, and yaw
angle is also possible. The presentation of the numerical
values of the response integrals will now be discussed.

Parametric Charts

The integrals of Eq. (19) were evaluated numerically for the
following ranges of the response parameters: 0.004 < akQ <
0.4, 1 < skQ < 1000, and 0.005 < f < 0.5. The results
are presented as parametric charts in Figs. 1-3. In the figures
the response integrals are shown plotted as functions of sk0
with f as a parameter and akQ held constant, thus forming a
family of curves. Next, ak0 is varied while f is held constant.
As a result, the composite curves are seen to consist of families
of curves together with subfamilies. The behavior of the
integrals Rp* and Rp* is such that a three-decade reasonably
dense set of k0 values could be given without overlapping,
thus permitting a visual interpolation rather than tedious
cross plotting for intermediate values. However, to achieve
the same clarity for Rp, that is, curve separation, the number
of families had to be reduced. A word of caution must be ex-
pressed in connection with the R^ functions. The values
plotted are not obtained by integrating over-all frequencies
from 0 -* co because the integral Rp converges very slowly.
The upper integration limit was chosen to be that value at
which the Rp* function ceased to increase appreciably. This
practice is based on the belief that energy input to the system
at high frequencies is not realistic.

lOOr
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Fig. 2 Response integral,

Procedure for Response Calculation

To summarize, general formulas have been given for calcu-
lating the responses of small rigid aircraft to atmospheric tur-
bulence. These responses consist of the ratio of rms response
to rms turbulence velocity A and average number of positive
slope zero crossings per unit time No. The formulas contain
"response integrals" that are functions of stability parameters
and gust scale describing the behavior of the rigid-body modes
of the airplane. Values of these response integrals are ob-
tained from a series of charts included herein. It is the pur-
pose of this section to describe the steps for obtaining A's
and No's for normal load factor due to vertical gust compo-
nents and vertical tail load due to lateral components.

Input Parameters

The procedure is as follows : the geometric and inertial prop-
erties of the aircraft (5, c, 6, /,,„, etc.), its stability derivatives
(CLa, Cma Cma, Cmq) Cyp, etc.), and the flight conditions
(U, q, Mach number) are required. With these data, the var-
ious force coefficients (Zw, Mw, Yv, Nr, etc.) defined in Eqs. (5)
and (13) are computed.

The longitudinal and lateral stability characteristics are ob-
tained from the relationship defined with Eqs. (9) and (15).

lOOr

1000

sk0

Fig. 3 Response integral, Rp*.
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Table 1 Aircraft flight conditions and stability derivatives

u
p
m
Izzs

= 244 m/sec
= 0.00131
= 7880 kg
= 69800 kg-m2

= 31.8m2

CL<* =
Cma =
C _mot —cmq =
Cyp =

5.17
-1.03
-3.2
-6.8
-0.7918

(Cnr)vT
(Cyp)vT

(Cyr)vT

(Cnp)vTw

= -0.1573
= -0.50539
= 0.418
= 0.1146
= 26000 N

Cnp
Cnr
Cyr

b

c

= 0.11699
= -0.14049
= 0.394
= 13.6m
= 2 . 6 m

Iyy =
q =
a =
L =

39600 kg-m2

20000 N/m2

0.8
764m

As derived earlier, the gust parameters required are the non-
dimensional gust scale s = 2L/c and the unsteady lift function
attenuation factor a. The gust scale s will depend on the
value of the gust length L employed. An L of 764 m had
been suggested for altitudes above 764 m2. The unsteady
lift function attenuation factor a depends on the wing plan-
form and Mach number for the longitudinal case or the fuse-
lage-fin geometry for the lateral case. Numerical values of
the response integrals Rp*, Rp*, and Rps are obtained from the
charts on Figs. 1-3, corresponding to value of the dimension-
less quantities (ak0, f, sko). Reasonably accurate values of
the response integrals may be read directly from the para-
metric charts for particular values of skQ and ak0. It will most
likely happen that the actual values of the parameters will dif-
fer from those upon which the charts are based. In this case,
intermediate points may be found by direct visual interpola-
tion utilizing a flexible log scale (a strip cut from log graph
paper) or by constructing auxiliary cross plots.

Sample Calculations

Application of the foregoing procedure is illustrated by the
following sample calculations based on an aircraft whose
characteristics are given in Table 1. The intermediate
steps involved in computing the force coefficients will be
omitted.

Normal load factor

From the data in Table 1, the longitudinal stability charac-
teristics are found to be k0a = 0.035, f« = 0.29, ya = 2.25,
and sko = 20.8. Values for the response integrals Rpz and Rp*
are taken from Figs. 1 and 2 by interpolating between f = 0
and f = 0.5, and are #04 = 0.185 and Rp* = 0.155, respec-

Table 2 Gust response formulas discrete vs continuous

Normal load factor

Continuous Discrete

An = Zgust/TF

= <rw/U OLde = Ude/Ue

0.88/U0

5.3

pCS(CLa)a

Vertical tail side load

Continuous Discrete

(TYVT = qS(Cyp)KVT<Tp (Y)VT = qSvT(

*P = <TV/U t3de = Ude/Ue

0.88/*a«KVT = (CSRp* -f Kyt —

2Wg

lively. A value of An = 0.079 g/m/sec is then obtained from
Eq. (20).

The number of positive slope zero crossings, NQn = 2.4
crossings/sec, is similarly calculated from Eq. (21) using a
value of Rp = 1.0 from Fig. 3.

Vertical tail side load

The calculations for the vertical tail side load are carried out
as previously using the stability derivatives as obtained from
equations given in Ref . 8. In addition, the vertical tail sur-
face aerodynamic characteristics and aircraft yaw radius of
gyration are required for the tail load parameters. Using the
data in Table 1, the following derivatives are derived: kQa =
0.02, f 0 = 0.098, yp = 2.83, skQ = 12.0.

Values of the response integrals corresponding to these la-
teral derivatives are Rp* = 0.78, Rp* = 0.82, and Rp* = 2.4.

The tail load parameter <72 in Eq. (22) is given by the
equation

and has a value of —0.0395. Equations (22) and (23) are
then employed to obtain AyVT = 369 N/m/sec and NQVT =
1 .04 crossings/sec, respectively.

Spectral and Discrete Gust Techniques Compared

A comparison between the spectral technique and the dis-
crete gust approach is given in Ref. 5. It is shown that the

i\. <f> ——
2W

pUSC La

\ 1

and that

A = (PUSCLa/2W)K*

= pUSCLa/2W

is analogous to the gust-alleviation factor Kg of Ref. 1. The
spectral gust-alleviation factors may be associated with verti-
cal motion, pitching motion, and lateral motion. The factor
KQ was originally derived for a nonpitching vertically translat-
ing airplane only.

Reference 12 specifies that the factor Kg (with modifications)
be used for both vertical and lateral loads. In this paper,

where

so that

Similarity of form between discrete and spectral formulas
used to derive the normal load factor and the vertical tail side
load response factors is shown in Table 2. It should be kept
in mind, however, that discrete gust calculations yield peak
response values whereas continuous gust calculations yield
rms response values.

Concluding Remarks

A procedure for estimating the longitudinal and lateral re-
sponse of small rigid aircraft to independently applied vertical
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and lateral random turbulence has been presented. The cal-
culation of the response in each case is based on a two-degree-
of-freedom system. The procedure uses parametric charts of
"response integrals." These integrals, which are functions of
the undamped reduced frequency, the damping ratio, and the
gust to airplane scale parameter have been evaluated for a
numerical range of the parameters representative of small
rigid aircraft. Because of the regular behavior of the re-
sponse integral functions, reasonably accurate estimates
of the aircraft response quantities can be readily and simply
obtained by use of the charts.
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Theme

A method is presented for computing the shape and lift
coefficient of single element airfoils (no flaps or slots) de-
signed specifically to achieve high lift coefficients without
flow separation. The method involves two-dimensional in-
compressible flow theory. Example airfoil shapes and their
lift coefficients, computed by this method, are presented.

Content

The basic problem solved is that of designing an airfoil
which obtains maximum possible lift in an incompressible
flow. The approach used is to develop a basic form for the
pressure distribution which does not separate and provides
maximum lift. This pressure distribution is then modified
sufficiently so that it corresponds to a realistic and practical
airfoil shape.

The lift coefficient in terms of the pressure distribution
can be written in the form

airfoil
lower
surface

- r1
Jo

dx
airfoil
upper
surface

where the freestream is aligned with the x axis. The lower-
surface pressure distribution is limited by stagnation (Cp =
1) which evidently can actually only occur at a single point
near the leading edge. The upper-surface pressure distribu-
tion is limited by boundary-layer separation, and Stratford's
separation theory (Ref. 1) together with the calculus of
variations is used to determine the upper-surface distribution
minimizes the second integral in the previous equation while
the flow remains unseparated over the entire surface.

Weber's second-order inverse airfoil theory (Ref. 2) is used
to obtain the airfoil profiles corresponding to the optimized
pressure distributions. Some modification of the distribu-
tions is required in order to obtain an airfoil which is reason-
ably thick and closes at the trailing edge.

A typical result is shown in the Fig. 1. In this case, it is
assumed that the boundary layer remains laminar on the

cP
CL = 2.54
CD =0.010 (THWAITES)
CDU =0.009
Cot = 0.001
CD =0.013 (DOUGLAS)
L/D =254

Cot. = 0.2
6

Fig. 1 Airfoil geometry and pressure distribution, lami-
nar rooftop, Reao = 5 X 106.

upper surface until it reaches the adverse pressure gradient,
at which time instantaneous transition occurs. A set of
airfoils for freestream Reynolds numbers of one, five, and
ten million for both the cases of a laminar rooftop and a fully
turbulent rooftop have been designed and are presented in
the paper. For the airfoil shown in the figure, additional
calculations have been made using the Douglas Neumann Po-
tential Flow Program, and the Douglas Turbulent Boundary
Layer Program. They verified that the profile does provide
the desired pressure distribution, and that the boundary layer
does not separate.
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